A nonstatic and circularly symmetric exact solution of the Einstein equations (with a cosmological constant Λ and null fluid) in 2+1 dimensions is given. This is a nonstatic generalization of the uncharged spinless BTZ metric. For Λ = 0, the spacetime is though not flat, the Kretschmann invariant vanishes. The energy, momentum, and power output for this metric are obtained. Further a static and circularly symmetric exact solution of the Einstein-massless scalar equations is given, which has a curvature singularity at r = 0 and the scalar field diverges at r = 0 as well as at infinity .
In recent years there is considerable interest in studying the Einstein theory of gravity in 2 + 1 spacetime dimensions. Due to the smaller number of dimensions it has tremendous mathematical simplicity. The use of three dimensional gravity has been suggested as a test bed for the quantization of gravity [1] . The lowest spacetime dimension in which the Einstein theory of gravitation exists is three and it possesses some strange features. In three dimensions the number of independent components of the Riemann curvature tensor and the Einstein tensor are the same (six) and the Riemann tensor can be expressed in terms of the Einstein tensor. Consequently, the spacetime described by the vacuum solutions to the Einstein equations in 2 + 1 dimensions are locally flat and there are no gravitational waves and no interaction between masses. However, in Newton's theory of gravitation in three dimensions a point mass produces an acceleration which falls off like 1/r [2] . Unlike the case in 3 + 1 dimensions, the Einstein theory of gravitation has no Newtonian limit in 2 + 1 dimensions. Therefore, the Einstein gravitational constant is undetermined in three dimensions.
Deser and Mazur [3] obtained the gravitational and Coulomb fields of a massive point charge in 2 + 1 dimensional Einstein-Maxwell (EM) theory. As opposed to the case of 3 + 1 dimensional EM theory, the Coulomb field behaves asymptotically as 1/r and the stress tensor is nonvanishing everywhere. The total energy diverges. The Kretschmann invariant diverges at r = 0 as well as at infinity [3] . There exists a static multi-charge solution in 3 + 1 dimensional EM theory [4] . However, there are no static solutions corresponding to two or more charges in 2 + 1 dimensions [3] . Arguing that the light emitted from the surface of a star will always escape to the infinity because there are no gravity outside of matter (or energy), Giddings, Abbott, and Kuchar concluded that black holes do not exist in three dimensional Einstein theory of gravitation [5] . However, Bañados, Teitelboim, and Zanelli (BTZ) [6] have recently discovered a black hole solution to the EM equations (with a negative cosmological constant) in 2 + 1 dimensions, which is characterized by mass, angular momentum, and charge parameters. The 2 + 1 dimensional uncharged BTZ black hole solution has fascinated many physicists minds ( [7] and references therein). Unlike the Kerr metric it is not asymptotically flat and there is no curvature singularity. However, it shares many features of its 3 + 1 dimensional counterpart. For instance, it has an ergosphere, upper bound in angular momentum ( for a given mass) and has similar thermodynamical properties [8] .
In this Letter we give two exact solutions : (a) a nonstatic and circularly symmetric solution of the Einstein equations with a cosmological constant and null fluid, which is a nonstatic generalization to the spinless uncharged BTZ metric and (b) a static and circularly symmetric solution of the Einstein-massless scalar equations. We obtain the energy, momentum, and power output for the nonstatic circularly symmetric metric (with zero cosmological constant) and compare the results with its 3 + 1 dimensional counterpart. We use the geometrized units and follow the convention that Latin (Greek) indices take values 0 to 2 (1 to 2). x 0 stands for the time coordinate.
The Einstein field equations with a cosmological constant Λ and the null fluid present
R ij is the Ricci tensor and R is the Ricci scalar. κ is the Einstein gravitational constant.
N ij is the energy-momentum tensor due to the null fluid, which is given by
where V i is the null fluid current vector satisfying
A nonstatic and circularly symmetric exact solution of the above equations in 2+1 dimensions is given, in coordinates x 0 = u, x 1 = r, x 2 = ϕ, by the line element
The nonvanishing component of the energy-momentum tensor of the null fluid is
The dot denotes the derivative with respect to the time coordinate u. The null fluid current vector is
The nonvanishing components of the Riemann curvature tensor are
R 1010 = −Λ,
and the Kretschmann invariant is
The spacetime described by the line element (4) with Λ = 0 is though not flat, the Kretschmann invariant vanishes. When m is a constant, (4) gives the uncharged spinless BTZ metric.
Lindquist, Schwartz and Misner [9] obtained the energy, momentum, and power ouput for the Vaidya metric. It is of interest to obtain the same for the circularly symmetric nonstatic metric ( with Λ = 0 ) and compare the results with its 3 + 1 dimensional counterpart.
There are several prescriptions for calculating the energy, momentum, and power output for a nonstatic general relativistic system. For example, one can use the Landau and Lifshitz
where
S mjnk has the symmetries of the Riemann tensor. The LL pseudotensor satisfies the local conservation laws:
L 00 and L 0α are, respectively, the energy density and momentum (energy current) density components. It is known that the LL pseudotensor gives the correct result if calculations are carried out in "Cartesian coordinates". Therefore, we transform the line element (4), with Λ = 0, to these coordinates, which is given by
The coordinates u, r, ϕ in (4) and t, x, y in (12) are related through
The determinant g ≡ g ij is
and the contravariant components of the metric tensor are
We are interested in calculating the energy and momentum density components and therefore the required components of S mjnk are
Substituting (16) in (9), we get the energy and momentum (energy current) density compo-
(m′ stands for ∂m ∂r )
. Therefore, the energy and momentum components are E = m π κ ,
and the power output is
For the Vaidya metric, Lindquist, Schwartz, and Misner found E = M, P x = P y = P z = 0,
, where M is the mass parameter in the Vaidya metric. Thus, we get similar results in its 2 + 1 dimensional counterpart (κ is not known due to the lack of a Newtonian limit).
The exact solutions of the Einstein-massless scalar equations in 3+1 spacetime dimensions are known in the literature [11] . It is of interest to obtain a static and circularly symmetric exact solution of these equations in 2 + 1 dimensions. The Einstein-massless scalar field equations are [11]
where S ij , the energy-momentum tensor of the massless scalar field, is given by
and
Φ stands for the massless scalar field.
A static and circularly symmetric exact solution of the above equations is given by the line element
and the scalar field
where 
The surviving independent components of the Riemann tensor are
The Kretschmann invariant diverges at r = 0 showing a curvature singulariy there and it vanishes at infinity. However, the scalar field diverges at r = 0 as well as at infinity. The details of this Letter will be given elsewhere. Upon the completion of this work a preprint [12] came to our notice which has the nonstatic solution given here.
